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Abstract

Using the 2-D extensionof Chi’s real 1-D paramet-
ric nonminimum-phaseFourier seriesbasedmodel(FSBM)
for or as an approximationto any arbitrary nonminimum-
phaselinear time-invariant (LTI) systems,we proposea
systemidentificationalgorithmfor 2-D nonminimum-phase
linear shift-invariant (LSI) systemssupportedby somesim-
ulation results. Theestimated2-D FSBMparameters and
second-andhigher-order statisticsobtainedusingthepro-
posedalgorithmconstituteeffectivefeaturesfor texture im-
age classificationsupportedby someexperimentalresults.

1. Intr oduction

Chi [1,2] proposeda real1-D parametricnonminimum-
phaseFourier seriesbasedmodel (FSBM) for or as an
approximationto any arbitrary nonminimum-phaselinear
time-invariant(LTI) systems.This modelis applicablein a
varietyof statisticalsignalprocessingareassuchassystem
identification, deconvolution and equalization,and spec-
tral estimation. Recently, a real 2-D maximum phase-
minimumphase(MX-MN) FSBM for linearshift-invariant
(LSI) systemswasproposedby Chi andHsi [3] with appli-
cationto 2-D textureimagesynthesis.This paperproposes
a2-D minimumphase- allpass(MP-AP) FSBMandthena
2-D systemidentificationalgorithmis proposedfor theesti-
mationof theFSBM parameters.TheestimatedFSBM pa-
rametersandtheassociatedsecond-andhigher-orderstatis-
ticsarethenusedfor textureimageclassification.
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2. 2-D MP-AP FSBM

The2-D MP-APnonminimum-phaseFSBMfor LSI sys-
temsis definedthroughthefollowing frequency response:��� ��� � �
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in which . % & ' % ( and : % & ' % ( arereal-valuedand A � B�� � B,	 � is a
truncatedasymmetrichalf planegivenby
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It can be easily shown that the region of supportof the
minimum-phasesystem O ��
P Q�� R�S is the right-half plane
(i.e., A � T�� T�� ) and the leadingcoefficient O ��
P N � N SU�G
. The2-D MP-AP nonminimum-phaseFSBM

��� ��� � �
	 �
given by (1) sharesthe following characteristicsof Chi’s
1-D FSBM whenusedin statisticalsignalprocessingareas
mentionedabove:

(C1) Systemmagnitudeandphaseresponsesof the FSBM��� ��� � �
	 �
arecharacterizedby . % & ' % ( ’s and

� : % & ' % ( �



V<W X Y W Z [ ’s, respectively. When V<W X Y W Z�\^] , _<` a�b c�d is a
2-D allpasssystem;when e W X Y W Z�\D] , _<` a�b c�d is a 2-D
minimum-phasesystem.

(C2) TheFSBM f�g h�i b h
j [ , thatcanbecausalor noncausal,
is guaranteed(bounded-inputbounded-output)stable
sinceit is a continuousfunctionof g h�i b h
j [ , so is the
inversesystemk l f�g h�i b h
j [ .

3. Identification of 2-D FSBM

Assumethat we are given a set of non-Gaussianmea-
surementsm
` a�b c�d asfollows:

m
` a�b c�d \7n ` a�b c�d o_<` a�b c�d (5)

wheren ` a�b c�d is a real,zero-mean,independentidentically
distributed(i.i.d.) non-Gaussianrandomfield and_<` a�b c�d is
areal2-D systemimpulseresponse.Moreover, assumethat
the orderparametersp�i and p,j aregiven in advance. The
MP parametersV
W X Y W Z canbeestimatedusingthefollowing
algorithm:

Algorithm 1. Estimationof f�qr
g h�i b h
j [ .
Let s qr
` a�b c�d is a2-D minimum-phaseFSBMgivenbyt qr
g h�i b h
j [
\�u v wDxy z|{#{} W X Y W Z ~ � � } � X Y � Z ~ �V<W X Y W Z � �,� } W X � X ��W Z � Z ~ � �� (6)

Thenfind theoptimum �V<W X Y W Z by minimizing� qF� � \���� � j ` a�b c�d � (7)

where � ` a�b c�d \ m
` a�b c�d o�s�` a�b c�d (8)

It canbe shown that the optimum �t qr
g h�i b h
j [ is an opti-
mumlinearpredictionerror(LPE) filter with

�t qr�g h�i b h
j [\ k l f�qr
g h�i b h
j [ (9)

i.e., � �V<W X Y W ZJ\K�FV
W X Y W Z .
TheAP parameterse W X Y W Z canbeestimatedusingthefol-

lowing algorithm:

Algorithm 2. Estimationof f���r
g h�i b h
j [ .
(S1) Estimate V<W X Y W Z and obtain � ` a�b c�d�� n ` a�b c�d�o_ �,r
` a�b c�d usingAlgorithm 1.

(S2) Process� ` a�b c�d usingan allpassfilter (a 2-D allpass
FSBM)t ��r
g h�i b h
j [
\�u v wKxy z �9{#{} W X Y W Z ~ � � } � X Y � Z ~ �e W X Y W Z�� � � g � i h�i���� j h
j [ � ��

(10)

suchthattheabsolute� th-order( ���7� ) cumulant�   ¡ q \£¢ ¤F¥U� ¦ ` a�b c�d � ¢ (11)

of theallpassfilter outputsignal¦ ` a�b c�d \�� ` a�b c�d o�s ��r
` a�b c�d (12)

is maximum.

It canbeshown [4] thattheoptimum�t �,r�g h�i b h
j [\ k l f���r
g h�i b h
j [ (13)

i.e., � �e W X Y W Z \K� e W X Y W Z .
For finite data m<` a�b c�d , the second-orderand higher-

order cumulantsusedin
� qF� � (see(7)) and

�   ¡ q (see
(11)), respectively, must be replacedwith the associated
samplecumulantsthat are highly nonlinear functions of
FSBM parameters.Therefore,gradienttype optimization
algorithmsareneededfor finding the minimum andmax-
imum of

� qF� � and
�   ¡ q , respectively. Nevertheless,the

proposedtwo algorithmsalso have a computationallyef-
ficient parallelstructureasChi’s 1-D FSBM identification
algorithms[1,2].

4. Simulation results

This sectionpresentssomesimulation resultsfor 2-D
systemidentificationusingtheproposedalgorithms.Figure
1 shows somesimulationresultsusing Algorithm 2 withp�i \ p,j \¨§ and � \ � for the casethat n ` a�b c�d is
a zero-mean,exponentiallydistributedi.i.d. randomfield,
and _<` a�b c�d is a 2-D ARMA systemtakenfrom [5]. Figure
1(a) shows the true impulseresponse_<` a�b c�d and Figure
1(b)showstheaverageof tenindependentestimates� _<` a�b c�d
for SNR= 20 dB (white Gaussiannoise). Onecanseethat
theresultshown in Figure1(b) is a goodapproximationto
thatshown in Figure1(a).Thesesimulationresultssupport
thattheproposedAlgorithms1 and2 areeffective.

5. Texture imageclassification

As reportedin [6], Gaussianityand linearity testsin-
dicatethat a texture imagecan be modeledas a 2-D LSI



−15
−10

−5
0

5
10

15

−15

−10

−5

0

5

10

15
−0.5

0

0.5

1

1.5

(a)

−15
−10

−5
0

5
10

15

−15

−10

−5

0

5

10

15
−0.5

0

0.5

1

(b)

Figure 1. SimulationresultsusingAlgorithm 2. (a) The
true impulseresponse©<ª «�¬ �® and (b) the averageof ten
independentimpulseresponseestimates̄©<ª «�¬ �® .
system(2-D texture imagemodel)drivenby an i.i.d. non-
Gaussianrandomfield. Accordingly, the proposedAlgo-
rithms1 and2 canbeappliedto obtainthefollowing feature
vectorsfor textureimageclassification:°<±

: FSBM parameters²<³ ´ µ ³ ¶ for all · ¸ ± ¬ ¸ ¹ º�»^¼I· ½ ± ¬ ½,¹ º
obtainedusingAlgorithm 1 and ¾ ¹¿ À ¾ ¹Á , where¾ ¹Á and¾ ¹¿ are the variancesof Â<ª «�¬ �® and Ã ª «�¬ �® , respec-
tively.° ¹ : FSBM parameters²<³ ´ µ ³ ¶ for all · ¸ ± ¬ ¸ ¹ º�»^¼I· ½ ± ¬ ½,¹ º
and ÄJ· Å�ª «�¬ �® º obtainedusingAlgorithm 2 where

ÄJ· Å�ª «�¬ �® º�ÆÈÇ�É Å Ê ª «�¬ �® ËÇ�É Å ¹ ª «�¬ �® Ë Ê Ì ¹ (14)

is thenormalizedthird-ordercumulantof Å�ª «�¬ �® .
Next, let us presentsomeexperimentalresultsof tex-

ture imageclassificationwith featuresobtainedusing the

proposedAlgorithms1 and2. For a comparison,Kashyap
andChellappa’s approximatemaximum-likelihood(AML)
algorithm[7] wasalsousedto obtainthefollowing feature
vectorfor textureimageclassification:° Ê : AR parametersÍ ³ ´ µ ³ ¶ for all · ¸ ± ¬ ¸ ¹ ºÎ»ÐÏ¼I· ½ ± ¬ ½,¹ º andÑ À ¾ ¹Á where

Ï¼I· ½ ± ¬ ½,¹ º�Æ É · ¸ ± ¬ ¸ ¹ ºFÒ,Ó ¸ ± Ó Ô�½ ± ¬ Ó ¸ ¹ Ó Ô�½,¹ ¬· ¸ ± ¬ ¸ ¹ ºIÕÆD· Ö ¬ Ö º Ë (15)

and Ñ is theresidualpowerassociatedwith a symmet-
ric toroidallatticeSARmodel.

The leave-one-outstrategy and distanceclassifier [8]
wereusedto performclassificationusing twelve different× Ø Ù�Ú�× Ø Ù

textureimagestakenfrom theUSC-SIPIImage
DataBase.Each

× Ø ÙJÚ�× Ø Ù
textureimageis segmentedinto

sixteen
Ø Ù ÛÎÚ�Ø Ù Û

nonoverlappingsubimagesconstituting
a texture imageclass. Therefore,

Ø Ü Ù Æ Ø ÝÎÚ�Ø Ù subim-
agesclassificationswereperformedby theclassifier. Tables
1, 2 and3 show the classificationresultsusingthe feature
vectors

°�±
(½ ± ÆÞ½,¹�Æàß ), ° ¹ (½ ± ÆÞ½,¹�Æàß ¬ áâÆàß ),

and
° Ê (½ ± Æ�½,¹�Æ Ù ), respectively. Eachrow of theseta-

blesincludesnumbersof classifications(overa 16-member
subimageclass)belongingto eachof the12 classes.From
Tables1, 2 and3, onecanseethattheclassifierusing

°�±
(6

misclassifications)performsnearlyaswell asusing
° ¹ (4

misclassifications)andmuchbetterthanusing
° Ê (31 mis-

classifications).Theseresults(asshown in Tables1 and2)
justify that the FSBM parameterstogetherwith the asso-
ciatedsecond-andhigher-orderstatisticsare effective for
textureimageclassification.

6. Conclusions

Wehavepresenteda2-D systemidentificationalgorithm
(Algorithm 2) usingthe2-D FSBM givenby (1) andits ef-
ficacy is supportedby somesimulationresults.TheFSBM
parameterstogetherwith the associatedstatistics(

°<±
and° ¹ ) obtainedby Algorithms 1 and2 areeffective features

for texture imageclassification,asexhibitedby theexperi-
mentalresults.
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Table 2. Classificationexperimentusing
featurevector ��
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* -  � ! � 2 � � , , , , , � * , , , , , ,
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� � - � ! $ 3 , , , , , , , , , , , � *

Table 3. Classificationexperimentusing
featurevector ��6
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